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Abstract. Projective geometric invariants play an important role in
computer vision. To set up the invariant relationships between spatial
points and their images from a single view, at least six pairs of spatial
and image points are required. In this paper, we establish a unified and
complete framework of the invariant relationships for six points. The
framework covers the general case already developed in the literature
and two novel cases. The two novel cases describe that six spatial points
and the camera optical center lie on a quadric cone or a twisted cubic,
called quadric cone case or twisted cubic case. For the general case and
quadric cone case, camera parameters can be determined uniquely. For
the twisted cubic case, camera parameters cannot be determined com-
pletely; this configuration of camera optical center and spatial points is
called a critical configuration. The established unified framework may
help to effectively identify the type of geometric information appearing
in certain vision tasks, in particular critical geometric information. An
obvious advantage using this framework to obtain geometric informa-
tion is that no any explicit estimation on camera projective matrix and
optical center is needed.

1 Introduction

Projective geometric invariants play an important role in computer vision [13,
14, 19]. Bracket algebra is a basic algebraic tool for studying projective geomet-
ric invariance [22, 23]. Due to the powerful computations of geometric algebra,
bracket algebra, as a subalgebra of geometric algebra on scalars, has found more
and more applications in computer vision [2, 3, 4, 5, 6, 7, 11, 20, 24, 25]. Applica-
tions of geometric algebra and its subalgebras [10, 22, 12, 21] are developing in
many fields of engineering. This paper presents a computation of bracket alge-
bra on invariance of six points in 3D reconstruction, an important problem of
computer vision.

There have been many studies on the invariant relationship, also called the
invariance, of six spatial points and their images [2, 4, 5, 9, 15, 16, 17, 18]. In 1994,
Quan [15, 16] gave the invariance of six spatial points and their images for
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the general non-degenerate configuration under the canonical coordinates, from
which the invariance under any coordinate system is obtained by a coordinate
transformation. In 1995, Carlsson [4, 5] derived the invariance for the general
non-degenerate configuration and the invariance for a specific non-degenerate
configuration of the four-point-coplanar case by bracket algebra. The resulting
invariants are coordinate-free. In 2000, Roh and Kweon [17] provided the invari-
ance of six spatial points and their images under the same specific non-degenerate
configuration as the one in [4, 5] under the canonical coordinates, then the invari-
ance under any coordinate system is obtained by a coordinate transformation.
In 2002, Bayro-Corrochano and Banarer [2] re-derived the invariance of six spa-
tial points and their images for the general non-degenerate configuration, and
reported some applications of the invariance. As shown in their work, the invari-
ance can be applied to 3D reconstruction, object recognition, robot vision and
further tasks.

Motivated by their work and the importance of invariance, in this paper we
set up invariant relationships for two specific configurations, i.e. when six spatial
points and camera optical center lie on a quadric cone or a twisted cubic. We
call them quadric cone case and twisted cubic case respectively. It is interesting
that the number of equations describing the invariant relationship for the twisted
cubic case is two rather than one as for the general case developed in the previous
literature. In addition, the invariant relationship for the general case reported
in the previous work, and the ones here for the quadric cone case and twisted
cubic case constitute a complete framework, unified by brackets, in which the
invariant relationships are coordinate-free, free of camera optical center, and free
of camera projective matrix.

Estimation of camera parameters is a key problem for 3D reconstruction. One
of the popular methods for this problem is to recover the camera parameters from
at least six pairs of corresponding spatial and image points [1]. By using this
method, for the general case and the quadric cone case, camera parameters can
be determined uniquely; for the twisted cubic case, camera parameters cannot
be recovered completely. This configuration of camera and spatial points in the
twisted cubic case is critical for camera parameter estimation [8]. The estab-
lished complete framework of invariant relationships between six spatial points
and their images could help researchers to clearly and efficiently identify the
type of geometric information, in particular, the critical geometric information,
when they calibrate a camera from six points. An obvious advantage using this
framework to detect the relative position information of camera and scene is that
no any reconstruction on camera projective matrix or optical center is needed. A
detailed algorithm applying the novel invariant relationship of the twisted cubic
case to recognize critical configuration of 3D reconstruction, and experiments on
simulated and real data, are reported in our recent technical report [25].

The organization of the paper is as follows. Some preliminaries are listed in
Section 2. Section 3 gives the invariant relationships between six spatial points
and their images when camera optical center and the six spatial points lie on
either a quadric cone or a twisted cubic. The complete and unified framework
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of invariant relationships for six points is elaborated in Section 4. Some experi-
mental results are shown in Section 5. Section 6 gives some conclusions.

2 Preliminaries

In this paper, a bold capital letter denotes either a homogeneous 4-vector or
a matrix; a bold small letter denotes a homogeneous 3-vector; a bracket ”[] ”
denotes the determinant of vectors in it. Different columns in the brackets are
separated with commas, and the commas are omitted if no ambiguity could arise.
In addition, throughout this paper, we assume that no three image points are
collinear (then neither three spatial points can be collinear nor coplanar with
the optical center), and no two image points are coincident (i.e. different spatial
points have different image points respectively, or the optical center cannot be
collinear with any two spatial points).

Bracket algebra is in fact the algebra on determinants, which is the basic
algebra tool for computing projective geometric invariants [22, 23]. Exchang-
ing two vectors in a bracket will change the sign of the bracket. For exam-
ple: [a1a2a3] = −[a2a1a3]. [a1a2a3] = 0 means that a1,a2,a3 are collinear.
[A1A2A3A4] = 0 means that Ai, i = 1..4 are coplanar, especially if three of
them are collinear.

There exist relations among determinants. One kind of these relations are
the following Grassmann-Plücker relations:

[a1a2a5][a3a4a5] − [a1a3a5][a2a4a5] + [a1a4a5][a2a3a5] = 0, (1)

[A1A2A5A6][A3A4A5A6] − [A1A3A5A6][A2A4A5A6]
+[A1A4A5A6][A2A3A5A6] = 0, (2)

where (1) is with respect to 2D homogeneous vectors ai, i = 1..5, and (2) is
with respect to 3D homogeneous vectors Ai, i = 1..6. They are often used to
simplify bracket computations, and to find the geometric meanings of a bracket
equation [23]. For example: [a1a2a5][a3a4a5] + [a1a4a5][a2a3a5] can be simpli-
fied as [a1a3a5][a2a4a5] by (1), thus, [a1a2a5][a3a4a5] + [a1a4a5][a2a3a5] = 0 is
equivalent to [a1a3a5][a2a4a5] = 0, which means at least that either a1,a3,a5

are collinear, or a2,a4,a5 are collinear.
Under a pinhole camera, a point Mi in space is projected to a point mi in

the image plane by:
ximi = K(R t)Mi, (3)

where K is the 3× 3 matrix of camera intrinsic parameters, and R, t are a 3× 3
rotation matrix and a translation 3-vector, xi is a nonzero scalar, called the depth
of Mi. If xi is zero, then Mi could not be projected to the image plane. If the
optical center, denoted as O, is not at infinity, its non-homogeneous coordinate
are given by Ô = −Rτt. We assume that O is not at infinity throughout this
paper.
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Consider points Mi = (M̂τ
i , 1)τ not at infinity, i = 1..6, where M̂τ

i are non-
homogeneous coordinates, then by (3) we have:

xixjxk[mi,mj ,mk]
= [ximi, xjmj , xkmk]
= det(K)[RM̂i + t,RM̂j + t,RM̂k + t]
= det(K)[M̂i + Rτt, M̂j + Rτt, M̂k + Rτt]
= det(K)[M̂i − Ô, M̂j − Ô, M̂k − Ô]

= det(K)
[
M̂i, M̂j , M̂k, Ô
1 1 1 1

]

= det(K)[Mi,Mj ,Mk,O].

(4)

Thus, [mi,mj ,mk] = 0 if and only if [Mi,Mj ,Mk,O] = 0. Namely, mi,mj ,mk

are collinear if and only if Mi,Mj ,Mk,O are coplanar.
For the optical center and five spatial points, there is a Grassmann-Plücker

relation of (2) as:

[Mi,Mj ,Mm,Mn][Mk,O,Mm,Mn] − [Mi,Mk,Mm,Mn][Mj ,O,Mm,Mn]
+[Mj ,Mk,Mm,Mn][Mi,O,Mm,Mn] = 0.

From this equation and from (4), we have:

xk[Mi,Mj ,Mm,Mn][mk,mm,mn] − xj [Mi,Mk,Mm,Mn][mj ,mm,mn]
+xi[Mj ,Mk,Mm,Mn][mi,mm,mn] = 0. (5)

This equation is free of the image and world coordinate system.
In the following sections, for the notational convenience, if no ambiguity can

be aroused, Mi, i = 1..6 will be simply denoted as 1,2,3,4,5,6.
Theorem 1 in [24] is recalled here. There exists a unique proper quadric cone

with 1 as the vertex and passing through 2,3,4,5,6 with no three collinear and
no four coplanar. Any point X belongs to this quadric cone if and only if:

[1246][1356]
[1236][1456]

=
[124X][135X]
[123X][145X]

.

The above representation is not unique since the one obtained by a permutation
of 2,3,4,5,6 is also a representation of the quadric cone.

Theorem 2 in [24] is recalled here too. There exists a unique proper twisted
cubic passing through 1,2,3,4,5,6 with no three collinear and no four coplanar.
Any point X belongs to this twisted cubic if and only if:⎧⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

[1246][1356]
[1236][1456]

=
[124X][135X]
[123X][145X]

,

[1246][2356]
[1236][2456]

=
[124X][235X]
[123X][245X]

,

X is not on the line 12 except for 1,2.

The above representation is not unique since the one obtained by a permutation
of 1,2,3,4,5,6 is also a representation of the twisted cubic.
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3 Invariance of Six Points for the Quadric Cone and
Twisted Cubic Cases

This section further assumes no four of 1,2,3,4,5,6 are coplanar. Then the
bracket on spatial points is nonzero.

Proposition 1. Let Q be the quadric cone with 1 as the vertex and passing
through 2,3,4,5,6. Then the camera optical center O lies on Q if and only if:

[1246][1356]
[1236][1456]

=
[m1m2m4][m1m3m5]
[m1m2m3][m1m4m5]

.

Each side is a cross ratio invariant. After a permutation of 2,3,4,5,6 and their
corresponding images, the equation is still an invariant relation of O lying on
the same quadric cone, so is not independent of the one without permutation.

Proposition 1 is obtained as follows: according to Theorem 1 in [24] as shown
in Section 2, there exists a unique proper quadric cone through 1,2,3,4,5,6
and with 1 as the vertex, and its equation is

[1246][1356]
[1236][1456]

=
[124X][135X]
[123X][145X]

,

where X is the varying vector. If O lies on it, then O satisfies the above equation.
Furthermore by (4), we have:

[1246][1356]
[1236][1456]

=
[124O][135O]
[123O][145O]

=
[m1m2m4][m1m3m5]
[m1m2m3][m1m4m5]

,

and vice versa. We can permute 2,3,4,5,6 and their corresponding images in
the above equation to obtain different equations, but among these equations,
only one is independent since there is only one independent representation for a
quadric cone.

Remark: If 2,3,4,5,6 are coplanar, 1 is not coplanar with them, and no
bracket containing 1 is zero, the equation of Proposition 1 still means that O
lies on the same proper quadric cone.

Similarly, according to Theorem 2 in [24] and (4) shown in Section 2, we have:
Proposition 2. The camera optical center O lies on the proper twisted cubic

passing through 1,2,3,4,5,6 if and only if⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

[1246][1356]
[1236][1456]

=
[m1m2m4][m1m3m5]
[m1m2m3][m1m4m5]

,

[1246][2356]
[1236][2456]

=
[m1m2m4][m2m3m5]
[m1m2m3][m2m4m5]

.

Each side is a cross ratio invariant. After a permutation of 1,2,3,4,5,6 and
the corresponding images, the resulting equation system is still the invariant
relationship of O lying on the same twisted cubic, but is not independent of the
original one.



408 Y. Wu and Z. Hu

Note that in Theorem 2 of [24], there is another condition for the represen-
tation of the twisted cubic such as: X does not lie on the line through 1 and 2.
Here, this additional condition is unnecessary because if O is on the line through
1 and 2, then m1 = m2, which is contrary to our assumption.

4 A Unified and Complete Framework of Invariance for
Six Points

If 1,2,3,4,5,6 are all coplanar, or five of them are coplanar, the invariant
relationship between them and their images is reduced to the 2D case, which
can be established easily. So, such cases will not be discussed and we always
assume no five spatial points are coplanar in the subsequent discussion.

With the above assumptions, at least two coefficients of xi, xj , xk in (5) are
nonzero. For example, if the coefficients of xi and xj are zero, i.e.
[mk,mm,mn][Mi,Mj ,Mm,Mn] = 0 and [mj ,mm,mn][Mi,Mk,Mm,Mn] =
0, then since the brackets on image points are assumed nonzero, we obtain
[Mi,Mj ,Mm,Mn] = 0 and [Mi,Mk,Mm,Mn] = 0, which mean that Mi,Mj ,
Mk,Mm,Mn are coplanar or Mi,Mm,Mn are collinear. This is contrary to our
assumptions. So, at least two coefficients of xi, xj , xk in (5) are nonzero, i.e. (5)
is not identical to zero.

 

1 

3 2 

6 

5 

4 

Fig. 1. For six spatial points, if no five of them are coplanar, and no three of them are
collinear, then at most three brackets could be zero, and at least four brackets cannot
be zero. Here only [1234] = 0, [1256] = 0, [3456] = 0. And, [1235] �= 0, [1236] �= 0,
[1245] �= 0, [1246] �= 0

On 1,2,3,4,5,6, there are in total C4
6 = 15 brackets as S = {[1234], [1235],

[1236], [1245], [1246], [1256], [1345], [1346], [1356], [1456], [2345], [2346],
[2356], [2456], [3456]}. Under the assumption that no five spatial points are
coplanar and no three spatial points are collinear, at most three brackets in S
can be zero, or it is equivalent to that at least four brackets in S cannot be zero.
For example, if [1234] = 0, [1256] = 0, [3456] = 0, then any bracket in the set
S − {[1234], [1256], [3456]} cannot be zero as shown in Fig. 1. Otherwise, five
spatial points would be coplanar, or three spatial points would be collinear. So,
we can always let [1235] �= 0, [1236] �= 0, [1245] �= 0, [1246] �= 0 by arranging
the order of 1,2,3,4,5,6.
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The polynomial on the left side of (5) is denoted by fijk,mn, which means
that the equation is linear with respect to xi, xj , xk, and the brackets on image
points share mm, mn, the brackets on spatial points share Mm, Mn. Let P =
K(R, t). Among all the equations fijk,mn = 0, there are at most six independent
ones. This is because from (3) there are in total 18 equations, and all possible
fijk,mn = 0 are obtained by eliminating 12 parameters on P from these 18
equations. We list six fijk,mn = 0 as follows:

f123,45 = x3[m3m4m5][1245]− x2[m2m4m5][1345] + x1[m1m4m5][2345] = 0,
(6)

f123,46 = x3[m3m4m6][1246]− x2[m2m4m6][1346] + x1[m1m4m6][2346] = 0,
(7)

f124,35 = x4[m3m4m5][1235]− x2[m2m3m5][1345] + x1[m1m3m5][2345] = 0,
(8)

f124,36 = x4[m3m4m6][1236]− x2[m2m3m6][1346] + x1[m1m3m6][2346] = 0,
(9)

f125,36 = x5[m3m5m6][1236]− x2[m2m3m6][1356] + x1[m1m3m6][2356] = 0,
(10)

f126,35 = x6[m3m5m6][1235] − x2[m2m3m5][1356] + x1[m1m3m5][2356] = 0.
(11)

These equations are multi-linear with respect to xi, brackets on image points,
and brackets on spatial points.

The invariant relationship between spatial and image points is not related to
the depths, so we are to eliminate xi from the above equations in the following.

Since [m3m4m5][1245] �= 0, we can solve x3 from (6), and then substitute it
into (7). After that, we obtain:

x1([m1m4m5][m3m4m6][2345][1246] − [m3m4m5][m1m4m6][1245][2346])
= x2([m2m4m5][m3m4m6][1345][1246] − [m3m4m5][m2m4m6][1245][1346]).

(12)
Similarly, we solve x4 from (8), then substitute it into (9), and obtain:

x1([m1m3m5][m3m4m6][2345][1236] − [m3m4m5][m1m3m6][1235][2346])
= x2([m2m3m5][m3m4m6][1345][1236] − [m3m4m5][m2m3m6][1235][1346]).

(13)
Then (6), (7), (8), (9), (10), (11) are equivalent to (6), (12), (8), (13), (10), (11).
Let the coefficients of x1 and x2 in (12) be c1 and c2, and the ones in (13) be
e1 and e2. Since x1 �= 0 and x2 �= 0, we have: c1 = 0 if and only if c2 = 0, also
e1 = 0 if and only if e2 = 0. Thus, there are only three cases: (i) c1 �= 0 and
e1 �= 0; (ii) c1 = 0 but e1 �= 0; Or e1 = 0 but c1 �= 0; (iii) c1 = 0 and e1 = 0. We
will discuss each case in the following.

Case (i). c1 �= 0 and e1 �= 0 (The general case already developed in the literature that
is non-degenerate for camera parameter estimation. See the last paragraph
of this section).
Since c1 �= 0 and e1 �= 0 (also c2 �= 0, e2 �= 0), solving out x1/x2 from (12)
and (13) gives x1/x2 = c2/c1 = e2/e1. So we obtain c1e2−c2e1 = 0. Simplify
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c1e2−c2e1 = 0 by some Grassmann-Plücker relations of (1) on image points,
we get its equivalent form as:

[m3m4m5][m1m2m6][1235][1245][1346][2346]
+[m1m2m5][m3m4m6][1345][2345][1236][1246]
+[m2m3m5][m1m4m6][1245][1345][1236][2346]
+[m1m4m5][m2m3m6][1235][2345][1246][1346]
−[m2m4m5][m1m3m6][1235][1345][1246][2346]
−[m1m3m5][m2m4m6][1245][2345][1236][1346] = 0.

(14)

This equation can be completely analyzed from the following three aspects:
(ia). [1346][2346] �= 0 (Main case);
(ib). [1346] = 0 (Four-point-coplanar case);
(ic). [2346] = 0 (Four-point-coplanar case).

Let us have a close look on them respectively.

(ia). If [1346][2346] �= 0, dividing each term by the first term in (14) gives:

[m1m2m5][m3m4m6]
[m3m4m5][m1m2m6]

I1 − [m1m3m5][m2m4m6]
[m3m4m5][m1m2m6]

I2

+
[m1m4m5][m2m3m6]
[m3m4m5][m1m2m6]

I3 +
[m2m3m5][m1m4m6]
[m3m4m5][m1m2m6]

I4

− [m2m4m5][m1m3m6]
[m3m4m5][m1m2m6]

I5 + 1 = 0,

(15)

where

I1 =
[1345][2345][1236][1246]
[1235][1245][1346][2346]

, I2 =
[2345][1236]
[1235][2346]

,

I3 =
[2345][1246]
[1245][2346]

, I4 =
[1345][1236]
[1235][1346]

, I5 =
[1345][1246]
[1245][1346]

.

It is easy to see that I1 = I3I4 = I2I5. I2, I3, I4, I5 are all cross ratios on the
six spatial points, and the coefficients of Ii, i = 1..5 are all cross ratios on the
six image points. (15) is just the constraint pointed out by Quan [15, 16], and
revisited by Carlsson [4, 5], Bayro-Crrochano and Banarer [2]. The following
cases (ib) and (ic) were studied by Carlsson [4, 5], Roh and Kweon [17].

(ib). If [1346] = 0 , then [1345] �= 0 and [2346] �= 0 (otherwise five spatial
points are coplanar, three spatial points are collinear). Let [1346] = 0 in
(14), and then divide each term by the last term in the result, we have:

[m1m2m5][m3m4m6][2345][1236]
[m2m4m5][m1m3m6][1235][2346]

+
[m2m3m5][m1m4m6][1245][1236]
[m2m4m5][m1m3m6][1235][1246]

− 1 = 0.
(16)

This is an equation on the invariants of spatial points and image points.
Moreover if [2345] = 0 (see Fig. 2), (16) becomes:

[1245][1236]
[1235][1246]

=
[m2m4m5][m1m3m6]
[m2m3m5][m1m4m6]

. (17)
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Fig. 2. [1346] = 0 and [2345] = 0

Each side is a cross ratio invariant. In Fig. 2, if [1256] = 0 additionally, then
by the Grassman-Plücker relation of (2) as [1234][1256] − [1235][1246] +
[1236][1245] = 0, there is [1245][1236] = [1235][1246], (17) becomes:

[m2m3m5][m1m4m6] − [m2m4m5][m1m3m6] = 0.

Its geometric meaning is that the three lines m1m6, m2m5 and m3m4 in-
tersect at a point, which means that the three spatial lines 16, 25, 34 are
concurrent. Namely, at the time, the invariant relationship identically holds.

(ic). If [2346] = 0, the discussion is similar to the above case (ib).

Case (ii). c1 = 0 but e1 �= 0; or e1 = 0 but c1 �= 0 (The quadric cone case that is
non-degenerate for camera parameter estimation).
If c1 = 0 but e1 �= 0, then:

c1 = [m1m4m5][m3m4m6][2345][1246] − [m3m4m5][m1m4m6][1245][2346]
= 0,

c2 = [m2m4m5][m3m4m6][1345][1246] − [m3m4m5][m2m4m6][1245][1346]
= 0.

From the above equations, we can conclude that [2345][2346][1345][1346] �=
0 (otherwise either five spatial points are coplanar or three spatial points are
collinear). So, by division, the above equations are changed into:

[2345][1246]
[1245][2346]

=
[m3m4m5][m1m4m6]
[m1m4m5][m3m4m6]

,

[1345][1246]
[1245][1346]

=
[m3m4m5][m2m4m6]
[m2m4m5][m3m4m6]

.

(18)

The geometric meaning of these equations is:
a) If no four of the spatial points are coplanar, by Proposition 1, (18) means
that 1,2,3,4,5,6,O lie on a proper quadric cone with 4 as the vertex, and
we know that only one of the two equations in (18) is independent.
b) If there are four points to be coplanar, then the brackets possibly to be zero
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are only in S1 = {[1234], [1456], [2456], [3456], [1256], [1356], [2356]}.
If one of the first four brackets in S1 is zero, then there will be three image
points to be collinear, which is contrary to our assumption. For example, if
[1234] = 0, then by a Grassmann-Plücker relation, we have [2345][1246] =
[1245][2346]. So, the first one of (18) is changed into [m3m4m5][m1m4m6]−
[m1m4m5][m3m4m6] = 0, which means that [m1m3m4] = 0 or [m4m5m6] =
0 by a Grassmann-Plücker relation.
If one of the last three brackets in S1 is zero, i.e. if one of {[1256], [1356], [2356]}
is zero, (18) still means that 1,2,3,4,5,6,O lie on the proper quadric cone
with 4 as the vertex because no bracket in {[1256], [1356], [2356]} contains
the vertex 4.
If two of the last three brackets in S1 are zero, i.e. if two of {[1256], [1356], [2356]}
are zero, then three spatial points will be collinear or five spatial points will
be coplanar, which is contrary to our assumption.
Thus from above analyses of a) and b), we know that the case c1 = 0 and
e1 �= 0 mean that 1,2,3,4,5,6,O lie on a proper quadric cone. At the same
time, only one of {[1256], [1356], [2356]} could be zero.

If e1 = 0 but c1 �= 0, the invariant relationships from e1 = 0, e2 = 0 are:

[2345][1236]
[1235][2346]

=
[m3m4m5][m1m3m6]
[m1m3m5][m3m4m6]

,

[1345][1236]
[1235][1346]

=
[m3m4m5][m2m3m6]
[m2m3m5][m3m4m6]

.

(19)

Similarly, the geometric meaning is that 1,2,3,4,5,6,O lie on a proper
quadric cone with 3 as the vertex, and only one of them is independent. At
the same time, only one of {[1256], [1456], [2456]} could be zero.

Case (iii). c1 = 0 and e1 = 0 (The twisted cubic case that is degenerate for camera
parameter estimation).

By c1 = 0 and e1 = 0, there are:
⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

[2345][1246]
[1245][2346]

=
[m3m4m5][m1m4m6]
[m1m4m5][m3m4m6]

,

[2345][1236]
[1235][2346]

=
[m3m4m5][m1m3m6]
[m1m3m5][m3m4m6]

.

(20)

By Proposition 2, the geometric meaning of the above equation system is
that 1,2,3,4,5,6,O lie on a proper twisted cubic if no four of the spatial
points are coplanar. If there are four coplanar spatial points, by the analysis
in Case (ii), we know that if c1 = 0, only one of {[1256], [1356], [2356]}
could be zero. If e1 = 0, only one of {[1256], [1456], [2456]} could be zero.
Thus, if c1 = 0 and e1 = 0, only [1256] could possibly be zero. If [1256] = 0,
this implies that three image points are collinear, which is contrary to our
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assumption. This is because eliminating
[2345]
[2346]

in the first equation of (20)

by the second equation of (20) gives:

[1235][1246]
[1245][1236]

=
[m1m3m5][m1m4m6]
[m1m4m5][m1m3m6]

. (21)

By the Grassmann-Plücker relation [1234][1256]−[1235][1246]+[1245][1236]
= 0 and [1256] = 0, we obtain [1235][1246] = [1245][1236]. Then, (21) is
changed into: [m1m3m5][m1m4m6]− [m1m4m5][m1m3m6] = 0 . Again by
the Grassmann-Plücker relation [m1m3m4][m1m5m6]−[m1m3m5][m1m4m6]
+ [m1m4m5][m1m3m6] = 0, we obtain [m1m3m4][m1m5m6] = 0. This is
a contradiction.

Here is a summary: See Table 1. If no five spatial points are coplanar, and no
three image points are collinear, the invariant relationships between six spatial
points and their images consist of three cases: (i) the non-degenerate case includ-
ing the general main case and four-point-coplanar case; (ii) the non-degenerate
case when the camera optical center and the six spatial points lie on a proper
quadric cone; (iii) the degenerate case when the camera optical center and the
six spatial points lie on a proper twisted cubic. The first case has already been
studied in the previous literature. The latter two cases are novel. The three cases
constitute a complete and unified framework of invariance for six points. This is
not only because the above three cases are the complete classification from (12)
and (13), but also because (6), (7), (8), (9), (10), (11), or (6), (12), (8), (13),
(10), (11) include all of the independent results after eliminating P = K(R, t)
from those 18 equations ximi = PMi, i = 1..6. The equations (6), (12), (8),
(13), (10), (11) are just six independent ones since xi, i = 2..6 can be solved
out and a further additional invariant relationship can be obtained from these
six equations for Case (i) and (ii), and since for Case (iii), xi, i = 3..6 can be
solved out and two further additional invariant relationships can be obtained
from these six equations.

Case (i) and Case (ii) are non-degenerate for camera parameter estimation
from six points. Case (iii) is degenerate [8, 25]. Because, for Case (i) and (ii),
yi = xi/x1, i = 2..6 can be determined uniquely by spatial and image points,
and then P can be estimated uniquely. While, (12) and (13) are identically zero
for Case (iii). And so y2 = x2/x1 could not be found and P has one degree of
freedom. For details, see [25].

5 Experiments

The established invariance can be applied to detect the relative position infor-
mation between camera and spatial points without any explicit estimation on
the camera projective matrix or the optical center. Based on the invariant rela-
tionship for the twisted cubic case, we construct an adaptive weighed criterion
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Table 1. A complete framework for the invariance of six spatial points and their images
under the condition that no five spatial points are coplanar, and no three image points
are collinear

Classified condition Invariant relationship

Case(i) c1 �= 0 and e1 �= 0, the general case, non-degenerate:

The general main case; (15)

The one four-point-coplanar case; (16)

The two four-point-coplanar case (17)

Case(ii) c1 = 0 but e1 �= 0; or e1 = 0 but c1 �= 0

The quadric cone case, non-degenerate (18) or (19)

Case(iii) c1 = 0 and e1 = 0

The twisted cubic case, non-degenerate (20)

function g to recognize the nontrivial critical configuration of 3D reconstruction.
The detailed algorithm and experiments can be found in [25] (Here, the details
are omitted due to the space limit). Some experimental results are shown below.

We generate seven pairs of spatial and image points such that 1,2,3,4,5,6,O
do not lie on a twisted cubic, and 1,2,3,4,5,7,O do lie on a twisted cubic. The
image size is not greater than 1000×1000 pixels. Gaussian noise with mean 0 and
standard deviation ranging from 0 to 6 pixels is added to each image points. With
100 runs under each noise level, the averaged value of the criterion function g(6)
from 1,2,3,4,5,6, and the averaged value of the criterion function g(7) from
1,2,3,4,5,7 are computed. The results from eight independent groups of data,
denoted as Di, i = 1..8, are shown in Table 2. As it can be seen, our invariance
can distinguish robustly between the degenerate configuration (that camera and
spatial points lie on a twisted cubic) and the non-degenerate configuration, and
the criterion function g is quite stable against noise.

Fig. 3. A real image of a calibration grid

An experiment based on real data is also performed. The real image we used
from a grid is shown in Fig. 3 (1024 × 768 size). We extract 108 pairs of spatial

Li
Text Box
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Table 2. The values of g(6), g(7) under different noise levels

Noise level (pixel) 0 1 2 4 6

D1 g(6) 7.40 7.40 7.41 7.41 7.45

g(7) 0.00 0.04 0.09 0.18 0.31

D2 g(6) 3.69 3.66 3.73 4.00 5.02

g(7) 0.00 0.13 0.26 0.70 1.66

D3 g(6) 2.62 2.62 2.62 2.62 2.62

g(7) 0.00 0.01 0.02 0.04 0.06

D4 g(6) 3.25 3.25 3.25 3.25 3.26

g(7) 0.00 0.02 0.05 0.10 1.13

D5 g(6) 2.12 2.13 2.13 2.17 2.23

g(7) 0.00 0.04 0.09 0.17 0.31

D6 g(6) 3.20 3.20 3.21 3.22 3.52

g(7) 0.00 0.06 0.15 0.32 0.55

D7 g(6) 2.00 2.00 2.00 2.00 2.00

g(7) 0.00 0.02 0.03 0.06 0.09

D8 g(6) 1.90 1.90 1.90 1.90 1.90

g(7) 0.00 0.01 0.03 1.05 0.08

and image points, then calibrate camera parameters by the DLT method [1], and
denote the calibrated results of intrinsic parameter matrix and pose parameters
as K0,R0, t0. Among these 108 pairs of spatial and image points, 126 groups
of six pairs are combined randomly with no three image points collinear, no
four spatial points coplanar. The group with the maximal value of g, denoted as
Gmax, and the group with the minimal value of g, denoted as Gmin are chosen to
calibrate the camera respectively. We denote the calibrated results as K1,R1, t1

and K2,R2, t2 respectively, and compare them with K0,R0, t0:

K1−K0 =

⎛
⎝52.10, 0.50, −22.11

0, 50.87, −68.41
0, 0, 0

⎞
⎠ , K0−K2 =

⎛
⎝1069.41, −29.68, 92.98

0, 1180.05, −147.71
0, 0, 0

⎞
⎠ ,

R1−R0 =

⎛
⎝ 0.0066 0.0082 −0.0036

0.0192 0.0213 −0.0139
−0.0005 0.0182 0.0283

⎞
⎠ , R2−R0 =

⎛
⎝−1.4450 1.3725 −0.0208

0.2443 0.3405 1.8911
0.1759 −0.0208 0.4848

⎞
⎠ .

t1 − t0 =

⎛
⎝0.3248

1.0234
0.6420

⎞
⎠ , t2 − t0 =

⎛
⎝ −0.2954

−6.3999
−48.7613

⎞
⎠ .

These results show that the accuracy of calibrated results from Gmax is much
higher than that from Gmin except for the first element of the translation. For
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the first element of the translation, the absolute error of t11 (0.3248) is greater
than the absolute error of t21 (0.2954), but the difference between the two errors
is not as large as that for the second or third element of the translation.

Namely, the calibrated result from six pairs of spatial and image points with
smaller value of the criterion function g (i.e. spatial points and optical center
are near to the twisted cubic degenerate configuration) is not better than that
with larger value of the criterion function g (i.e. spatial points and optical center
are far from the twisted cubic degenerate configuration). Extensive experiments
in [25] show that the criterion function g or the established invariance can be
faithfully trusted for camera parameter estimation.

6 Conclusion

With bracket computations, we establish a unified and complete framework for
the invariance of six points. It consists of three cases, one case is already fully
studied in the literature, and two cases are novel as: 1) the case when the cam-
era optical center and the spatial points lie on a quadric cone; 2) the case when
the camera optical center and the spatial points lie on a twisted cubic. The
established invariance framework can be applied to effectively detect the rela-
tive position geometric information between the camera and the spatial points
without any explicit estimation on camera projective matrix or optical center.
Experiments on the twisted cubic case are performed to validate the invariance.
We believe this framework will have further useful implications in 3D reconstruc-
tion. For example, when applying RANSAC during the process of determining
the camera parameters, the critical groups of data can be filtered out by the
invariance or the criterion function in the twisted cubic case.
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