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Abstract—Up to now, the shortest invariant representation of a quadric has

138 summands and there has been no invariant representation of a twisted cubic

in 3D projective space, which limit to some extent the applications of invariants in

3D space. In this paper, we give a very short invariant representation of a quadric

cone, a special quadric, which has only two summands similar to the invariant

representation of a planar conic, and give a short invariant representation of a

twisted cubic. Then, a completely linear algorithm for generating the parametric

equations of a twisted cubic is provided also. Finally, we exemplify some

applications of our proposed invariant representations in the fields of computer

vision and automated geometric theorem proving.

Index Terms—Automated theorem proving, computer vision, invariant

representation, quadric cone, twisted cubic.
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1 INTRODUCTION

INVARIANT representations, which essentially are coordinate-free
algebraic expressions, have been frequently used in the fields of
computer vision [8], [9], [11], [12], [13], automated geometric theorem
proving [6], [7], [19], etc. Generally speaking, the invariant
representations in 2D geometric space have attracted more attention
than those in 3D geometric space. One of the underlying reasons is
that the invariant representations of pure 3D geometric elements,
such as quadrics, cubic curves, and cubic surfaces, have not been
fully developed in the literature.

The invariant condition for 10 points in 3D projective space to lie
on a quadric surface was first clarified by Turnbull and Young [17] in
1926. White [18] rewrote the result into a sum of 138 monomials in the
determinants (or brackets) in 1989. But, the disadvantages of both the
representations are too long to be manageable in real applications.

For a twisted cubic in 3D projective space, we know that it can be
uniquely determined by six generic points and its representation
usually is a system of parametric equations or quadric equations
under some coordinate system [15]. To our knowledge, its invariant
representation has not been available. Worse still, even the
coordinates of six points under some coordinate system are known,
its parametric equations cannot be obtained directly (there is an
algorithm to present the parametric equations in [8], [9]), and its
quadric equations cannot be obtained easily either because usually
there is a unique quadric passing through nine points.

The main points of this manuscript are:

1. We give an invariant representation of a quadric cone and
an invariant representation of a twisted cubic, which are all
very short and each has only two summands, derived from
the geometric viewpoint rather than from the algebraic
viewpoint as by Turnbull and Young [17] and White [18].

2. We present an algorithm to generate the parametric
equations of a twisted cubic, which is completely linear,
and not any factorization is involved compared with the
method in [8], [9].

3. We illustrate by examples the applicability of our invariant
representations in computer vision and automated geo-
metric theorem proving.

The paper is organized as follows: Section 2 gives some

preliminaries. In Section 3, the invariant representation of a quadric

cone, the invariant representation of a twisted cubic, and a linear

algorithm to generate the parametric equations of a twisted cubic are

elaborated. Then, the potential applications of these results in

computer vision and automated geometric theorem proving are

exemplified in Section 4 and Section 5, respectively. In Section 6 are

some concluding remarks.

2 PRELIMINARIES

In the paper, a bold number denotes a homogeneous vector, a bold

capital letter denotes either a homogeneous vector or a matrix, a

bracket “½ �” denotes a determinant of vectors in it, and the symbol

“� ” denotes the equality up to a scale.

Definition 1. The locus of points X in 3D projective space satisfying the
equation:

X� M X ¼ 0 ð1Þ

is a quadric, where M is a 4� 4 symmetric matrix. More specifically, if

there exists a unique point V on the locus such that, for any point P on

the locus, the whole line VP is on the locus, then the locus is a proper

quadric cone, and V is called its vertex. At the time, rankðMÞ ¼ 3, the

kernel of M, i.e., the right null vector of M, is the vertex V.

When rankðMÞ ¼ 4, the locus of (1) is a proper (nondegenerate)

quadric and, when rankðMÞ ¼ 2 or rankðMÞ ¼ 1, it is a pair of

planes or a repeated plane.

Definition 2. The locus of points X ¼ ðX Y Z T Þ� in 3D projective
space satisfying the parametric equation:

X Y Z Tð Þ�� M �3 �2 � 1
ÿ �� ð2Þ

is a twisted cubic, where M is a 4� 4 matrix and � is the parameter.
When the rank of M is 4, then the locus of (2) is a proper twisted cubic.

The following Lemma 1 and Lemma 2 shown in [15, p. 301 and

314] are needed in this paper.

Lemma 1. If 1; 2; 3; 4 are four fixed points of a twisted cubic C and L

is a chord of C, then the cross ratio Lð1; 2; 3; 4Þ of four axial planes

with axis L and passing through 1, 2, 3, 4, respectively, is

independent of the choice of L.

Lemma 2. There is a unique twisted cubic that passes through six general
space points.

Let H be a nondegenerate matrix with determinant 1, a
polynomial or rational polynomial IðA1; . . . ;AnÞ with respect to
vectors A1; . . . ;An is an invariant if:

IðA1; . . . ;AnÞ ¼ IðHA1; . . . ; HAnÞ:

In this paper, an invariant representation is an equation with

respect to some invariant IðA1; . . . ;AnÞ, i.e.,

IðA1; . . . ;AnÞ ¼ 0:

3 THE INVARIANT REPRESENTATIONS OF A QUADRIC

CONE AND A TWISTED CUBIC

The main theorems of this paper are presented in this section.

Theorem 1.

1. Given six points 1; 2; 3; 4; 5; 6 with no three collinear and
no four coplanar, there is a unique proper quadric cone
through points 2; 3; 4; 5; 6 and with vertex 1.
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2. Any point X on the above proper quadric cone in Step 1
satisfies

½124X�½135X� ÿ ½1246�½1356�
½1236�½1456� ½123X�½145X� ¼ 0: ð3Þ

The representation of the equation is not unique as a result

that the equation after a permutation of 2; 3; 4; 5; 6 is also

a representation of the cone.
Proof.

1. By Definition 1, 2; 3; 4; 5; 6 give five linear constraints
on M, and vertex 1 gives four linear constraints on M
(i.e., M 1 ¼ 0). If the nine constraints are independent,
then M (up to a scale) can be uniquely determined by
1; 2; 3; 4; 5; 6 and the quadric cone through points
2; 3; 4; 5; 6 with vertex 1 is unique. Suppose that the
nine constraints were not independent, then there
should exist at least two quadric cones through points
2; 3; 4; 5; 6 and with vertex 1. By a perspective
projection of points 2; 3; 4; 5; 6 on a plane not going
through perspective center 1, the images of 2; 3; 4; 5; 6
will be distinct and no three of them are collinear, since
no three of 1; 2; 3; 4; 5; 6 are collinear and no four of
them are coplanar. Then, at least two distinct conics will
be formed, all going through the five images of
2; 3; 4; 5; 6. However, since there is a unique conic
going through five generic points, the assumption of the
dependence of the nine constraints must be untrue. In
other words, there is only a unique quadric cone going
through 1; 2; 3; 4; 5; 6 with vertex 1.

2. It is clear that (3) is a quadric equation with respect to X,
by (1) the locus of (3) is a quadric. Let X be
1; 2; 3; 4; 5; 6, (3) is always true, thus the quadric
determined by (3) is passing through 1; 2; 3; 4; 5; 6.
Assume that A is any point satisfying (3) other than 1, i.e.,

½124A�½135A� ÿ ½1246�½1356�
½1236�½1456� ½123A�½145A� ¼ 0; ð4Þ

any point B on the line 1A other than A can be

represented by:

B ¼ 1þ � A;

where � is a scalar. Substitute B ¼ 1þ � A for X in (3),

by (4), we have:

½124B�½135B� ÿ ½1246�½1356�
½1236�½1456� ½123B�½145B�

¼ �2 ð½124A�½135A� ÿ ½1246�½1356�
½1236�½1456� ½123A�½145A�Þ

¼ 0:

Thus, we know that, if A is a point on the quadric

determined by (3), then the whole line 1A is on it.

Furthermore, the locus of (3) cannot be degenerate

planes because no three of 1; 2; 3; 4; 5; 6 are collinear

and no four of them are coplanar. Therefore, (3) can only

be the equation of the proper quadric cone through

points 2; 3; 4; 5; 6 with vertex 1.
The above proof is independent of the order of

2; 3; 4; 5; 6, so (3) after a permutation of 2; 3; 4; 5; 6

is also a representation of the cone. tu

Theorem 2. Any point X is on the proper twisted cubic passing through

six points 1; 2; 3; 4; 5; 6 with no three collinear and no four

coplanar if and only if:

1.

½124X�½135X� ÿ ½1246� ½1356�
½1236� ½1456� ½123X�½145X� ¼ 0;

½124X�½235X� ÿ ½1246� ½2356�
½1236� ½2456� ½123X�½245X� ¼ 0;

8>><>>: ð5Þ

2. X is not on the line 12 except for 1; 2.

The above representation is not unique as a result that the one after a

permutation of 1; 2; 3; 4; 5; 6 is also a representation of the twisted

cubic.

Proof. “) ” “ if part”

1. By Lemma 2, we know that the six points 1; 2; 3; 4; 5; 6

determine a unique twisted cubic C. It is clear that

1; 2; 3; 4; 5; 6 all satisfy (5). Assume that X is any point

other than 1; 2; 3; 4; 5; 6 on C, then by Lemma 1, the

cross ratio of the four coaxial planes 162; 163; 164; 165:

½1246�½1356�
½1236�½1456�

is equal to the cross ratio of the four coaxial planes

1X2; 1X3; 1X4; 1X5:

½124X�½135X�
½123X�½145X� :

So, the first equation in (5) is true. Similarly, because the

cross ratio of the four coaxial planes 261; 263; 264; 265

is equal to the cross ratio of the four coaxial planes

2X1; 2X3; 2X4; 2X5, we have the second equation

in (5).
2. For a proper twisted cubic, since no three points on it

are collinear, X is not on the line 12 except for at 1; 2.

“( ”: “only if” part

Now, we consider a point X other than 1; 2; 3; 4; 5; 6 on the

locus determined by Steps 1 and 2. Because no three of

1; 2; 3; 4; 5; 6 are collinear and no four of them are coplanar,

we can set up a projective coordinate system such that

1; 2; 3; 4; 5 have the coordinates:

ð1 0 0 0Þ� ; ð0 1 0 0Þ� ; ð0 0 1 0Þ� ; ð0 0 0 1Þ� ; ð1 1 1 1Þ� :

Assume that the coordinates of 6 is ða b c dÞ� , the coordinates of

X is ðX Y Z T Þ� , then the Conditions 1 and 2 in the theorem are

changed into:

dðbÿ cÞY Z þ cðdÿ bÞY T þ bðcÿ dÞZ T ¼ 0;
dðaÿ cÞXZ þ cðdÿ aÞXT þ aðcÿ dÞZ T ¼ 0;
Z 6¼ 0; T 6¼ 0:

8<: ð6Þ

We can infer that the coefficients ofY ; X in (6) cannot be zero, i.e.,

s1 ¼ dðbÿ cÞ Z þ cðdÿ bÞ T 6¼ 0;

s2 ¼ dðaÿ cÞ Z þ cðdÿ aÞ T 6¼ 0;

otherwise bðcÿ dÞ ¼ 0 or aðcÿ dÞ ¼ 0 which implies that there

exist four points among 1;2;3;4;5;6 to be coplanar. It follows

that we have an equivalent form of (6):

Y ¼ bðdÿcÞZT
dðbÿcÞZþcðdÿbÞT ;

X ¼ aðdÿcÞZT
dðaÿcÞZþcðdÿaÞT :

8><>: ð7Þ
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Denote Z
T as �, by (7), we know that X satisfies:

s1s2

X
Y
Z
T

0BB@
1CCA ¼ T 3H

�3

�2

�
1

0BB@
1CCA; ð8Þ

where H ¼ ðHijÞ is a 4� 4 matrix with:

H11 ¼ H14 ¼ H21 ¼ H24 ¼ H34 ¼ H41 ¼ 0;

H12 ¼ adðdÿ cÞðbÿ cÞ; H13 ¼ acðcÿ dÞðbÿ dÞ;
H22 ¼ bdðdÿ cÞðaÿ cÞ; H23 ¼ bcðcÿ dÞðaÿ dÞ;
H31 ¼ H42 ¼ d2ðaÿ cÞðbÿ cÞ;
H32 ¼ H43 ¼ dcðacþ adþ bcþ bdÿ 2abÿ 2dcÞ;
H33 ¼ H44 ¼ c2ðaÿ dÞðbÿ dÞ:

The determinant of H is:

abc3d3ðaÿ bÞðaÿ cÞðaÿ dÞðbÿ cÞðbÿ dÞðcÿ dÞ3

which is nonzero because no four of 1; 2; 3; 4; 5; 6 are
coplanar. Thus, by Definition 2, we know that X is a point on a
proper twisted cubic. On the other hand, it is clear that
1; 2; 3; 4; 5; 6 are on the locus determined by conditions 1
and 2 in the theorem. Since six points determine a unique twisted
cubic (see Lemma 2), the twisted cubic is just the one determined
by 1; 2; 3; 4; 5; 6.

The above proof is independent of the order of 1;
2; 3; 4; 5; 6, so Steps 1 and 2 after a permutation of 1; 2;
3; 4; 5; 6 is also a representation of the twisted cubic. tu
Following the steps in Theorem 2 proof, we can obtain a linear

algorithm to generate the parametric equations of a proper twisted
cubic when the coordinates of six points under some coordinate
system are given.

An algorithm to generate the parametric equations of a
twisted cubic
Input: The coordinates Ai; i ¼ 1 � � � 6 of six points of the twisted

cubic under some coordinate system M0.
Output: A matrix M that is the 4� 4 matrix in the parametric

representation (2) under the coordinate system M0.
Step 1: Let Bi; i ¼ 1::5 are, respectively, ð1 0 0 0Þ� , ð0 1 0 0Þ� ,

ð0 0 1 0Þ� , ð0 0 0 1Þ� , ð1 1 1 1Þ� , then solve for H0 from the
equations Ai � H0Bi, i ¼ 1::5, and let B6 ¼ Hÿ1

0 A6.
Step2: Compute the matrix H in (8) by substituting the coordinates

B6 for ða b c dÞ� .
Step 3: Let M ¼ H0H, which is the 4� 4 matrix in the parametric

representation (2) under the coordinate system M0.

4 APPLICATION IN COMPUTER VISION

The properties of a twisted cubic underlie many of the ambiguous
cases which arise in reconstruction [1], [4], [10], [2], and underlie
the invariants of points and lines in images and space [8], [9]. The
invariant representation of a twisted cubic showed in Section 3 is
free of coordinate systems, which implies that it can be
conveniently used in computer vision. An example is given below.

Accurate and robust estimation of the fundamental matrix is a
very important step for 3D reconstruction from 2D images. In [5],
Lei et al. gave a robust RASANC-based algorithm to estimate the
fundamental matrices between each pair of three images, where
the involved minimal sample set contains six triples of correspond-
ing points across the three images. The main steps of their
algorithm are as follows:

1. Extract triples of corresponding points across the three
images and then take minimal sample sets at random from
these triples.

2. For each sample set, assuming that 1; 2; 3; 4; 5; 6 are the
3D space points of the six triples of corresponding points,
take the coordinates of 1; 2; 3; 4; 5 as the canonical
projective basis, and 6 is reconstructed from the sample.
Then, each projective matrix of the three images is obtained.

Let S be the set of all triples of projective matrices computed
from all samples.

3. Choose the best triple of projective matrices from S based on
some criterion, and optimize these projective matrices, then
compute the fundamental matrices between each pair of the
three images from these optimized three projective matrices.

In Step 2, when one of the three optical centers, denoted C0, and
the space points 1; 2; 3; 4; 5; 6 lie on a twisted cubic, 6 may be
reconstructed uniquely but the projective matrix of the image
associated with C0 cannot be determined uniquely. Then, the
image sample, called ambiguous sample, needs to be discarded.
Unfortunately, they did not consider this problem in their work.
Now, we propose an approach to detect ambiguous samples
according to our new invariant representations.

Of course, a possible way to determine whether the reconstructed
projective matrix is unique or not is to directly verify the resulting
matrices in the above Step 2 for each sample, however, the process is
time consuming. Another possible way is to check whether the six
image points lie on a conic or not (if six space points and the optical
center lie on a twisted cubic, then the images of the six points lie on a
conic); however, such a check is merely a necessary condition, not a
sufficient condition as it risks discarding robust samples.

Here is our approach and the ambiguous samples can be
detected more efficiently. First, an initial projective reconstruction
is done, then choose the optical center C0 and six 3D space points
whose image points lie on a conic in the image associated with C0,
to determine whether they satisfy our representation of a twisted
cubic or not. If the answer is yes, then discard the sample. Our
representation is both sufficient and necessary, and is free of choice
of coordinate systems. Based on such a test, the ambiguous
samples generated by six generic space points (see [1]) can be
discarded by the initial reconstructed coordinates.

The above idea can also be applied to the similar cases as in [3],
[13], [14].

5 APPLICATION IN AUTOMATED THEOREM PROVING

A determinant of three or four homogeneous vectors in 2D or 3D
space is also called a bracket. Bracket algebra is a computational tool
for invariants, and its applications touch upon not only computer
vision, but also geometric reasoning.

In [6], [7], [19], a general algorithm for automated theorem
proving with bracket algebra was given, and more than 150 theo-
rems containing 2D and 3D incidence geometric theorems, 2D conic
geometric theorems in projective and affine space are tested. One of
the difficulties that the algorithm cannot be applied to more
theorems is that the algorithm needs the geometric elements in the
theorems to be represented by brackets. Since we have introduced
the bracket representations of a quadric cone and a twisted cubic in
Theorem 1 and Theorem 2, the scope of the algorithm’s applicability
can be enlarged. An example is showed below.

We refer to “_” and “^” as “join” and “meet” operations in
Grassmann-Cayley algebra [16], then 123 ^ 456 means the inter-
section line of plane 123 and plane 456, and refer to
coneð1; 23456Þ as the quadric cone through points 2; 3; 4; 5; 6
and with vertex 1.

Example (Pascal theorem [16] on a quadric cone). 1; 2; 3; 4; 5; 6

are generic free points in a 3D projective space, 7 is a point on

coneð1; 23456Þ, then the three intersection lines 135 ^ 126,

145 ^ 127, 137 ^ 146 are coplanar.

The algorithm in [6], [7], [19] is first to construct a theorem and
to change the conclusion of the theorem into bracket polynomial,
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then to eliminate the constructed points in the conclusion
according to an order.

We give the construction of the theorem:

Free points: 1; 2; 3; 4; 5; 6.

Semifree points: 7 is on the coneð1; 23456Þ, 8 is on the line of

135 ^ 126, 9 is on the line 145 ^ 127.

Conclusion: the two lines 137 ^ 146 and 89 are coplanar.

By applying the algorithm in [6], [7], [19], the proof procedure

of the theorem is:

ð137 ^ 146Þ _ 89

(Expand into brackets by Grassmann-Cayley algebra)

¼ ½1347� ½1689� ÿ ½1367� ½1489�

(Eliminate the points 8, 9)

¼ ½1235� ½1236� ½1456� ½1347� ½1247�
þ ½1345� ½1346� ½1256� ½1247� ½1237�
ÿ ½1245� ½1246� ½1356� ½1347� ½1237�

(Eliminate the point 7)

¼ 0;

where the eliminations of the points 8, 9 are according to the
methods in [6], [19], and the elimination of 7 is according to the
equations in Theorem 1 as shown in the following:

Because 7 is on the coneð1; 23456Þ, 7 satisfies (3) in Theorem 1:

½1236�½1456�½1247�½1357�
ÿ ½1246�½1356�½1237�½1457� ¼ 0;

ð9Þ

substitute ½1357� and ½1457� with their equivalent forms changed
by Grassmann-Plücker relations [16]:

½1357� ¼ ½1235� ½1347� ÿ ½1345� ½1237�
½1234� ;

½1457� ¼ ½1245� ½1347� ÿ ½1345� ½1247�
½1234�

into (9), and by taking the numeration of the result, we have the
equation:

½1235� ½1236� ½1456� ½1347� ½1247�
þ ½1345� ½1346� ½1256� ½1247� ½1237�
ÿ ½1245� ½1246� ½1356� ½1347� ½1237� ¼ 0:

6 CONCLUSION

We have presented an invariant representation of a quadric cone and
that of a twisted cubic, and their potential applications in computer
vision and automated geometric theorem proving. In addition, a new
linear algorithm to generate the parametric equations of a twisted
cubic is provided. As we know, invariant representations usually are
very sensitive to noise when applied in computer vision, preliminary
simulations show that our proposed representations are not robust
either. In view of this, more efficient invariant representations (like in
[11]) of a quadric cone and a twisted cubic based on our
representations will be studied in the future.
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